
BOUNDARY LAYER OF TWO-TEMPERATURE PLASMA 

ON ELECTRODES OF MHD CHANNEL WITH CROSSED 

ELECTRIC AND MAGNETIC FIELDS FOR LARGE VALUES 

OF THE HALL PARAMETER 

L.  E~ K a l i k h m a n  

The rational organization of the cycle in MHD devices requi res ,  f i rs t  of all, knowledge of the laws of 
interaction of the plasma s t ream with the electrodes~ Therefore  the problem of the plasma boundary layer  
on the e lect rodes  of the MHD channel is of considerable pract ical  interest .  As a rule, there is cons ide r -  
able ra refac t ion  in acce le ra tor  channels and the magnetic field intensity is ra ther  high. This leads to the 
need for accounting for the Hall cur ren t  fields and the influence of the Hall pa rameter  on the plasma t r a n s -  
port  properties~ Moreover ,  discontinuity of the e lectron tempera ture  usually occurs  in p lasma acce le ra tors .  

Existing studies of the MHD boundary layer have concerned individual par t icular  questions or the 
solution of simplified problems [1-3]. The l i tera ture  does not present  the complete sys tem of equations for 
the boundary layer  on the e lec t rodes  of a compress ib le  magnetized two- tempera ture  plasma~ 

In the following we present  the boundary layer  equations for the indicated general  case~ We consider  
only a completely ionized quas i -neutra l  p lasma for small  values of the magnetic Reynolds number. 

We direct  the x axis along the conducting wall, the y axis along the normal  to the wall, and the z axis 
perpendicular  to the x and y axes. Let the external magnetic field be charac te r ized  by the components 
Bx = By = 0, B z = B and the e lec t r ic  field which develops in the plasma by the components Ex, Eyo 

The sys tem of MHD equations for a two-dimensional  p lasma s t ream will be [4] 
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Here  u and v are  the project ions of the m a s s - a v e r a g e  plasma velocity on the coordinate axes; n is 
the number density of e lectrons or ions; p is the total p ressure ;  Pe and Pi are  the part ial  p re s su res ;  T e and 
T i a re  the e lectron and ion t empera tu res ;  m and m e are  the ion and electron masses ,  respect ively.  
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The c u r r e n t  dens i ty  p ro j ec t ions  a r e  given by the g e n e r a l i z e d  O h m ' s  law 
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H e r e  ~r is the p l a s m a  conduct iv i ty  a c r o s s  the magne t i c  f ield and A k a r e  funct ions of  the Hall  p a r a m e t e r  
H e for  the e l ec t rons .  The e l emen t s  of the v i scous  s t r e s s  t e n s o r s  of  the ions and e l ec t rons  have  the  f o r m  
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The p ro j ec t i ons  of the e l ec t ron  and ion t h e r m a l  flux v e c t o r s  a r e  
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The t r a n s p o r t  coef f ic ien t s  a r e  
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In these  e x p r e s s i o n s  

A1 = V(1.93 + i.07He2), A2 = V(4.69He + t.07He a) 
A3 = V(t.55-- t.6He2), A4 = A4.6He 
A~ = V(2.58 + 0.391He2), A6 = V(6.63He + 1.06H~ 3) 
AT = V(2.55 + 0.42He2), As = V(6.53He + 1.07He 3) 
V = (t -t- 6.73He ~ -]- t.67He4) ~1, lie = % % ,  Hi  = co~'c~ 

(11) 

H e r e  H e and H i a r e  the Hal l  p a r a m e t e r s ,  w e and w i a r e  the L a r m o r  f r equenc ie s ,  and T i and T e a r e  
the m e a n  t i m e s  between co l l i s ions  of ions with one another  and co l l i s ions  of  e l e c t r o n s  with ions.  

The s y s t e m  (1)-(5) of  g a s d y n a m i c  equat ions  is supp lemented  by the fol lowing r e l a t i ons :  

e l e c t r o d y n a m i c  
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equat ions  of  s ta te  

the r e l a t i o n  , 
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The equations can be reduced to dimensionless form in order  to compare  individual te rms.  We 
select  the scales :  longitudinal dimensions x0, t r ansve r se  dimensions Y0, longitudinal and t r ansve r se  ve lo-  
city components u 0 and v0, respect ively ,  concentrat ion no, t empera tu res  To, p re s su res  P0 = n0kT0, e lectr ic  
field intensity components E0, magnetic field B0, t imes between coll isions ~'e0 and Ti0o The scales for the 
Hall pa rame te r s  are  

eBo Heo = eBo Teo, Hio : ~ ~,o 
m e 

The scales  for the functions A k are  determined by (11) in t e rms  of the scale He0. The scales for the 
gas kinetic quantities G0, ~?i0, ~/e0, Xi0,and Xe0 are  connected by (10) with the scales  no, To, re0 , rio , He0 , Hi0 , 
and Aloo 

In t ransforming the equations to dimensionless form we introduce the following s imilar i ty  cr i te r ia :  
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Here  Re, R i a re  the e lectron and ion Reynolds numbers,  respect ively;  Pc, Pi are  the electron and ion 
Prandt l  numbers;  ~ is the e lectr ic  field cr i ter ion;  K is the loading cri ter ion;  M is the Mach number; M D 
is the diffusion Math number, in which the current  scale is ~0E0 . For  Y0 and v 0 we take the relat ions 
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Then (1) in dimensionless form with account for (7) and (8) has the form (the ove r score  denotes quan- 
t i t ies r e f e r r e d  to their  scales) 
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Let us examine the case in which the Reynolds c r i te r ion  for the ions is much la rger  than the other 
dimensionless  c r i t e r i a  and their  combinations M, M D, ~, K, Hio , Heo , A20/Alo , and so on, and we assume 
that it has been possible to select  the scales  so that all the dimensionless quantities and their gradients  are  
of order  unity. Then in (15) we can neglect t e rms  containing the factors  1 / q ~ i  and 1/R i in compar ison  with 
the t e rms  containing unity as a multiplier,  and also t e rms  containing unity as a multiplier  in compar ison 
with s imi lar  t e rms  containing the factor v~i. Dropping the corresponding t e rms  and returning to dimension-  
al var iables ,  we obtain 
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where the t r ansve r se  cur ren t  density is 
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Proceeding s imi lar ly  with (2), with account for (6) and (8) we obtain 
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Consequent ly ,  the p r e s s u r e  can be a s s u m e d  cons tan t  a c r o s s  the boundary  l aye r  if  the c r i t e r i a  c o m -  
binat ion is suff ic ient ly  smal l ,  H e r e  S is the magne t i c  i n t e rac t ion  p a r a m e t e r .  

M D S (S = zoEoBoxo '~ (19) 
zMaK = ~ -  �9 mnouo ~ ] 

Afte r  sui table  s impl i f i ca t ions  the  ion e n e r g y  equat ion takes  the f o r m  
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In v iew of the i m p o r t a n c e  of the e l e c t r o n  ene rgy  equation,  we wr i t e  it out in comple te  d imens ion l e s s  
form 
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We a s s u m e  that  the c r i t e r i o n  R e is suf f ic ien t ly  l a rge  that  

RePe~..~Rr .Re > H~o I ' f -~ ,  Heo < V ' ~ i  (22) 

In this  c a s e  the Hal l  n u m b e r s  for  the e l e c t r o n s  can t h e r e f o r e  be l a r g e  but not infinite,  

Neglec t ing  t e r m s  conta in ing  a f ac to r  of  unity or  ~ in c o m p a r i s o n  with analogous  t e r m s  conta in ing 
the f a c t o r s  ~ i i  and Ri, r e s p e c t i v e l y ,  with accoun t  fo r  inequal i t ies  (22), r e t u r n i n g  to d imens iona l  v a r i a b l e s  
and in t roduc ing  the heat  capac i ty  Cp, we obtain 
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is the axial (Hall) current density, and 
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is the dens i ty  of  the c u r r e n t  t r a n s p o r t e d  by enthalpy in the 
t r a n s v e r s e  d i rec t ion .  

The d imens ion l e s s  f o r m  of the a e r o d y n a m i c  equat ions  

m a k e s  it poss ib le  to conclude  that  E x and jy a r e  cons tan t s  
a c r o s s  the boundary  layer .  

The p r o b l e m  of the p l a s m a  boundary  l aye r  on the e l e c -  
t r odes  will  be comple t e ly  defined if we spec i fy  the fol lowing 
boundary  condi t ions:  

for y ~ 0 (26) 
u =  v = 0 ,  Ti = Ti~(x), T~ = T~(x)  

for ~ 
= U s(x), T i - -  T~,(x), T~ = T~,(x), 

(27) 
/~ = / ~ ,  (x), E~ = E ~  (x) 

One of  the poss ib le  me thods  for  in tegra t ing  the s y s t e m  
of  boundary  l aye r  equat ions  for  the t w o - t e m p e r a t u r e  p l a s m a  
is the me thod  of  finding the loca l ly  s e l f - s i m i l a r  f lows,  in 
which the dependence  of all the quant i t ies  on the longitudinal  
coo rd ina t e  is accoun ted  for  th rough  va r i a t i on  of  the ou te r  flow 
p a r a m e t e r s ,  We in t roduce  the independent  v a r i a b l e s  

Y~ 
o 0 

= u , ~ '  = ~--/' Z-- ,  , n~,0 , 

(subscript 0 applies to the initial section x = 0) and the functions 

ff _ _  u T e Ti 
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We examine only an isothermal accelerating outer flow with the constant parameters 

Tis = const, Tes : const, p = const, Exs = const, ]vs ~ const,]'xs = 0 

Then (16), (20), and (23) reduce to the form 
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The  p l a s m a  t r a n s p o r t  p r o p e r t i e s  
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in a c c o r d a n c e  with (10) and with account  f o r  the  de f in i t i ons  [4] 
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T h e p r o b l e m ' s  s i m i l a r i t y  c r i t e r i a w i l l  be the  q u a n t i t i e s  
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We note tha t  t h e  m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r  S i s  c o n n e c t e d  with the  d i f fus ion  ( c u r r e n t )  Mach  
n u m b e r  by the r e l a t i o n  

S -  Miq) M i  = /~; ~ooEx ~oo M D 
• ' en s I f ~  en s lfz-~s / m r 

T h e p r o b l e m ' s  b o u n d a r y  c o n d i t i o n s h a v e  the f o r m  

f ( 0 ) = f ' ( 0 ) = 0 ,  ] ' ( o o ) = l  
0 e(0) = 0e~ o = const, 0 e (c~) = t 
0~(0) = 0iw = const, 0~ (e~ = 4 

(31) 

A s  an  e x a m p l e  F i g s .  1-3 show the  d i s t r i b u t i o n s  U/Us,  |  and |  in the  b o u n d a r y  l a y e r  of a t w o - t e m -  
p e r a t u r e  fu l ly  i o n i z e d  a r g o n  p l a s m a  fo r  ~ = 0, o b t a i n e d  a s  a r e s u l t  of n u m e r i c a l  c a l c u l a t i o n  on an M-20  

c o m p u t e r  wi th  the  fo l lowing v a l u e s  of  the  def in ing  p a r a m e t e r s  

M = 2.45, K = 1.036, ~s  = 0.833, ~s = 0.167 
R. = t.565.t04, B e =  3.6t't0 l~ , P. = 0.619, P e =  i.925"i0-~ 

His = 0.265, Hes = 438, Oew ~= 0.15, O~w = 0.15 
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Certain of the peculiarities observed in the resulting profiles are  apparently associated with the 
behavior of the transport  properties in the strong magnetic field. 
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